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General facts, or, if you please, the general laws which facts follow,
are styledprinciples,whenever it relates to theipglication; that is to
say, the moment we avail ourselves of them in order to ascertain the
rule of action of any combination of circumstances presented to us.

JeanBaptiste Say, [1803] 1880, 13,

Programming, of course, meaaifocation
Stuart Dreyfus 156, 3

The theory of mathematical programming is largely the theory of
dualityé. Duality has two faces. One the
significantly to computational methodsé.
has contributed almost all of the significanbeemic interpretations.

H. W. Kuhn 1968, 50

How Applied Mathematics became a Science of Economizing
The title of this introductory section plays

How Economics became a Mathematical ScieWeintraub (2002), Phpi Mirowski
(2002), Robert Leonard (forthcoming), Esther Mirjam Sent (1997), and other authors
in John Davisdéds (1997) and Mary Morgan and N

vol umes, have emphasized the economistds app

! A grant from the U. S. National Science Foundation (proposal No. 0137158) made possible research
on this chapter from my book dérotocols of Warl am also grateful to the archives of the RAND
Corporation for making available copies of Research Memoranda from their early years. Please do not
reproduce or quote from this paper without my permission.
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mathematicktools of expression and problem solving in the-twentieth century’

My investigation is the dual to their quest to answer why and how economics shed its
prewar pluralism and became so dependent on mathematical analysis after World
War 11.2 This chaper from my forthcoming bookrotocols of War: The

Mathematical Nexus of Economics, Statistics, and Control Enginesanginizes

the history of dynamic programming from 1950 to 1960 to understand how wartime
exigencies forced not only economists bgbahathematicians and engineers to

incorporate a science of economizing.

I n his essay on AEconomic Reaurgateni ng and Mi
Thomas Schelling (1960, 4) asserted that during World War Il and the cold war, the
US military employedreser cher s, such as himself, to prac
economi zing. o6 Although World War |1 was port
capitalism and the state corporatism and the cold war was portrayed as a war between
the freemarket USA versus the centgablanned Soviet Union, both wars forced the
US government to embrace planning within a competitive structure of war. This
wartime need to plan, innovate, and command an efficient allocation of resources in a
rivalry with a competitor nation engenderedegkably similar developments in

applied mathematics between, for example, the USA and the Soviet Union during the

2 Roger Backhouse (1998, 93) notkat the use of algebra in theoretical articles inheerican

Economic Reviewose from only 25%in 1940 to 80% in 1960. Backhouse (1998, 105) also points out

that the dominant orthodoxy of fAthe use of formal op
ecoometric techniqguesodo was not achieved until after 1
optimization tools such as dynamic programming were being forged in military decision science.

% During the Napoleonic wars, Jean Victor Poncelet , a French miéitagineer languishing in a

Russian prison imagined tangential lines constructing a dual approach to solving geometric problems.

After returning to Paris, Poncelet (1822) published his prisofi@rar notes a3raité des propriétés

projectives des figuresn Poncel et 6s projective geometry, dual theo
valid if the words Apointo and Alineod are interchange
the dual to the point on the line.

t
9
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1950s and 1960s. Indeed an American National Research Council report (1956, 2)

credited a revolutionary change in applied mathematics iDteA t o fit he gr owi ng
power, endurance, and precision of the systems which are being engineered under the
pressure of industrial competition and milit
between the effects of industrial competition and military rivéighlighted in

Table 1) will help us understand the wartime context that transformed applied

mathematics into a science of economizing.

Table 1 Comparison of Competition Types

Competition Markets Competition Warfare
Firms Nations
Between Similar prodlscih Diffgrent p.rod.ucts_ in diffe
same industry industries in different
often same country countries
Grab for Teetetotter of offense an
Metaphors market share defense
Invisible Hand MilitanAndustrial Comple
Change in Products Ra pu g rfia d i Rapid obsolescence
Maximization of Profit Military worth
Top efficiency in Average costs Time
Government Stance or .
) . Discourages Encourages
Firms Cooperating
Rapid deskilling
Effects Lower average costs Rapid technological
Innovation
Econonst Explains hO\.N m?‘fket achig Prescribes how to optimi
optimality
Returns to scale Constant or increasing Increasing
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I n market competition one companyo®0s aut omo

companyos automobil e, dur i agginsiaaotherone country
countryodos tanks, but there is also competit.i
another nationds bomber. This competition be

weapons in the pursuit of superiority led to minimizing tintene todesign, time to
produce, time to compute lead firing angles, time to get projectile to enemy-tasget
the top priority. Indeed minimization of time took priority over minimization of

monetary cost, and it fed the wartime fire of rapid technologicalitnm:

Whatever is used, the point must be made that it is not sufficient to
develop an answer to the immediate problem as it must be assumed
that the enemy is constantly improving, and we must therefore
continuously develop to maintain superiority. Supy in time is the
important objective. We therefore regard ourselves as primarily a
manufacturing laboratory whose responsibility it is to find the
problem, develop the solution, prove it, design it for production and
accomplish its initial productiomll in a minimum of time and all in
the expectation that it will be changed while in the course of
production. Time is the essence of our problem; me masitain
superiority; the enemy is striving to beat us and will unless our
momentum of developmenrd greater than his. (Gillmor memo 1943,

3-4)

So where did World War 1l and cold war competition with its intranational firm

cooperation, offenceersusdefense technological spur, and the emphasis on time
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efficiency take applied mathematics from 1940 t6A<€®? The more the military could

rely on mathematics to design mechanisms and operations, the more they could save
on time and scarce resources. Control engineering is a discipline of designing. Even
before their mobilization day (May) in World War II, he American military forces
were encouraging the use of model s for
cutting edge theories in control engineering were theories about equation system

models rather than theories about physical phenofena.

Faced with aituation of scarcity but no markets for setting prices, the military
relied on economists and mathematicians to model and solve for the efficient
allocations of resources. Mathematicians and statisticians made major leaps in the
mathematics of decisionaking when asked to improve ordnance quality (see
chapter 3) and control of inventories (see chapter 4). US military sponsorship was
responsible for a considerable quantity of the published research in the 1950s and

1960s on new techniques of managemeieinge and normative microeconomics.

In hisAmerican Economic Reviesgsay, Paul Homan (1946, 870) asserted that
the analytical traits developed in economists' training were particularly suited to the
state mobilization for World War II: "In this respettte way opened for economists
in wartime service was, in degree, quite beyond that for persons brought up in any
other academic discipline except, perhaps, for physical scientists in various fields of

research, especially that of atomic research.” Honmguredrthat the wartime

* For example immopics in Mathematical Sggms Theonyi To put it more bluntly,

not deal with the real world, but only with mathematical models of certain aspects of the real world;
therefore the tools as well as results of control theory are mathematical. There is a ctape anal

desi

cont

g

bet ween this situation and the evolution of probabild]

(Kalman et. al. 1969, 27)
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experience insured "a continuing large place for economists in the public service"

(Homan 1946, 870). The US military encouraged an economic way of thinking not

just in economists but also in mathematicians and engineers. In theal@103850s

Aeconomic thaarkyetf cercomomym, as RAND economi
(1958, 206) described it, was commonly practiced in the interdisciplinary research

groups for the US armed forces.

A key objective of this paper, which is a draft of pteat 5 ofProtocols of Waris
to show how the US military needs steered the mathematician Richard Bellman to
model allocation and control processes in a form consistent with an economic way of
thinking> Wartime planning took money and markets out ofetpeations and
transferred the priority of modeling allocation systems from a posstte@momic
description of MAwhateciosnt nmio a tmdremeetnitv eo,f wieM
to be. 0 As his functional equatiomantheory of
and his ceauthors at the RAND Corporation increasingly appropriated the
vocabulary of economics and an economic way of thinking as they suggested to the
US military how they should allocate atomic bombs in nuclear warfare, manage their
vastinventorise of spare parts, and control gui ded n

process in turn lent itself to agile appropriation by micro and macro economists.

® Richard Bellman was born in Brooklyn in 1920 and died in 1984. During World War Il, Bellman

worked in the Theoreticalifysics Division at Los Alamos. He had training in electronics and earned

his Ph.D. in mathematics at Princeton in 1946. Bellman worked at the RAND Corporation in the

summers of 1948951 and fulitime from 19521965. In 1965 he took up an appointment afddsor

of Mathematics, Electrical Engineering and Medicine at the University of Southern California. In the

year of his death, he published an autobiograplre, of the Hurrican€1984) Richard Roth (1986)
published a col | ect iavingtoosélectBrenh dmong thé 620 rgseaych papersk s , h
that Bellman produced in addition to his 40 books and seven monographs.
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During the early 1950s, Bellman generalized the functional equation approach of
recursive optimization th&ierre Massé (1944) and Kenneth Arrow, Ted Harris, and
Jacob Marschak (1951) had independently presented to their wartime clients for
multistage economical control of stocks and flows (see chapter 4). Both studies

il lustrated Al fr etlatdyhamic rather thad statiQ) dcenemricv at i o n

analysis was often needed to manage stocks b
di srupt the statical rest.o (Marshall 1898,
from September 1939 to June 1940 and urteMichy regime, Massé, a French

hydroelectric engineer stationed in the Pyrenees, faced the problem of determining

how much water should be taken from the reservoirs each month in order to minimize

the current and future use of cedlhe extremely scarcternative source of

electrical power. The challenges to determining the optimal flow of water included an

uncertain future inflow of water from precipitation, uncertain future final demand for

el ectrical power, and t lismohthwasredlyhat oneds op
conditional wupon the decisions of the manage
what he called the fAjeu des r®servoirso(the

through a recursive search for and application of a rule of acticease the flow of
water from the reservoirs to the turbines if the marginal utility of the flow from the
reservoir is greater than the marginal expectation of the water kept in the reservoir;
decrease the flow of water from the reservoirs to the turbirles marginal utility of

the flow from the reservoir is less than the marginal expectation of the water kept in
the reservoir. It was in meeting the challenge of determining the marginal expectation

of the stock of the reservoir that Massé took fronphid y t e c dtoolibagithe n 6
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Markov chains of Maurice Fréchet, the ingrmal distributions identified by Paul
Levy and Robert Gibrat, the stochastic gaming of Emile Borel, and the recursive

approximation techniques of Blaise Pascal.

The US Officeof NaMa Research funded Arrow, Harris,
into how to determine the optimal flow into the stock of the inventory of spare parts
for mechanisms of the cold war. Their starting point was the rule of action of a two
bin inventory policy §, 9 tha the military was already using. Arrow, Harris and
Marschak modeled the optimal maximum stdgkand best reordering poird) @s
functions of the distribution of the random variable of demand, the cost of reordering,

and the penalty for a shortage.

Thefeatures common to both the first French and American articulations of
recursive optimization was a wartime need for normative rules of action and a
functional equation spelling out an economic criterion in the face of a multistage
decision process thatdluded the dynamic element of unused stock being used in the
next stage, the stochastic element of uncertain demand, and costs for deviation from
an optimal policy. Bellman embraced these features and generalized the functional

equation approach for maiypes of multistage decision processes.

Bellman first articulated his mathematical approach to planning for the allocation
of scarce resources in the early 1950s when the RAND Corporation, a US Air Force
(USAF) think factory, employed him. As we saw irapker three on sequential
analysis during WWII, when the wartime government was the client, statisticians,
economists and engineers tailored their mathematical protocols to yield numerical

solutions that made efficient use of scare computing resourcasingtitutional
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context gave rise to similar features in the

sequential analysis and the RAND Corporation

e Economic criteriorr minimization of costs (losses, time) or maximization of

utility (military worth, damage to the enemy)
e Assumption of uncertainty
e Mathematicallyguided decisiormaking process in discrete steps
¢ Decisionmaking protocol coded as an algorithm

e Solution to the mathematical problem was a policy that dictated the optimal

action to tae

This chapter will highlight these qualities, but also two features that were new to
the cold war applied mathematics: the characteristics of the early generations of
digital computers dictated computational feasibility which in turn molded theoretical
formulation, and mathematicians had more license to work on basic research of
abstract problems. The SRGO6s protocol of senq
enough to be encoded into a sophisticated adding machine in which the quality
control inspector@dded new information with each additional item sampled.
Mathematicians, however, determined optimal parameters before constructing the
operational charts, tables or setting up the gears on the machine. The machine for
sequential analysis was essentiallydiferent than a table designed for a specific
inspection. In the latter half of the 1950s and 1960s, mathematicians at the RAND
Corporation and the Research Institute of Advanced Study (RIAS) made full use of

digital computers. The protocols they desijmeere recursive algorithms that
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achieved solutions (policies, strategies) through numerical approximation. The

computer was often the optimizer and an integral part of design processes.

As we saw in the previous chapter, the members of the World Waipliet
Mathematics Panel worked on specific projedts example, determining slewing
routines for a particular gun sight, testing the strength of new alloys, or minimizing
sample size in destructive testing of ordnance quality. The scope of the military
research projects funded during the cold war was often much biiogezxample,
the science of production planning and multistage decisiaking or the design of
new weapon systems. This larger scope was related to the fact that a cold war allowed
for a longer time horizon for projects to come to fruition than a hot war. George
Dantzig (2007), for example, noted that it was eight years before the Air Force could
make full use of his suggested linear programming/simplex method for mechanizing

the plannng process.

Dynamic programming is a modeling mindset. It disciplines the users to properly
frame the criterion equation so as to achieve computatiefegible solutions. This
protocol for modeling problems that occur in a sequence of time perictisgas
includes an equation that forces an imperative m@oagormative, oughio-be,
approach: your total return as a function of the state of your resources should be the
maximum gained after N stages, and that maximum is equal to the return that result
from your decision on allocating resources in the first stage plus the maximum gains
you earned in the rest of tihel stages given that in the first stage you allocated the
resources so as to maximize your return in the remaining stages. In oneafibg

descriptions of his yeib-be named protocol Bellman explained:
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We wish to discuss a general class of matiiige problems involving a
sequence of operations between each of which information is acquired
which can be used to guide the subsequpetaiions. This class of
problems is characterized by the fact that at each time the problem
may be described by a set of parameters which change from operation
to operation, which is to say that each operation performs a mapping
of the parameter space upitself, and secondly, that the purpose of

the operations is to optimize according to a criterion which has the
important property that after any initial number of operations, starting
from the state one finds oneself in, one optimizes according to the

sane criterion.

The importance of this last point is tvimld. It allows a description
of the optimum sequences of operations to be given very simply in
terms of best first moves, and it allows a mathematical formulation by
means of recurrence relations walhiare very useful both theoretically

and computationally. (Bellman 1951a, 1)

In dynamic programming there is a duality between the solving the criterion
functional equation (determining the value of the maximum returns or minimum total
costs) and solvingpr the optimal policy that would result in satisfying the criterion
equation. The user can choose which one to solve for and derive the other from that
solution. This license to broaden the scope of scientific and mathematical research
while working for aclient enabled Bellman to identify and fully explqrelicy space

The notion of a weltlefined workspace such as Euclidean space, reaclidean
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space, Hilbert space, or state spapermitted mathematicians to distinguish different
geometries, differ® dimensions, or different functional specifications and solution
processes. The USAF wanted rules of action; they preferred solutions in the form of a
policy T a sequence of decisions for each stage. Bellman realized that solving for the
optimal policy that would maximize military worth or minimize military costs was

often more feasible than solving the equation for the criterion function itself. He also
demonstrated that whatever the first move is, the subsequent moves would have to be
optimal. This mearthat often one could concentrate on just solving for the rule of
action on the first move (Bellman 1951b, 3). His method of solving problems by
approximations in what he called fApolicy spa
computers it also opened tdeor to solving problems in the calculus of variations

and control engineering that mathematicians had been unable to solve with classical

analytical techniques.

As we will see, in the early 1950s the con
dynamicprogramming protocol was the uniqueness of nuclear warfare, including
decisionmaking with regard to strategic bombing and allocation of scarce fissionable
material for atomic bombs. In the latter half of the 1950s, the major application of
B el | ma nagesof dyramic programming and control engineering was
determining and maintaining optimal trajectofigsarticularly those formulated for a
race of the two superpowerthe USA and the USSRn outer space. Although these
applications were the fruit ofiAForce seed money, Bellman and his colleagues also
had the resources and the inclination to take their algorithms beyond specific

applications and explore abstract and philosophical qualities of their new
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mathematics. The solution to one planning probheas a policy, but Bellman also

asked how sensitive was that policy to small changes in initial conditions? What was
the structure of policy solutions obtained from different parameters? So, for example,
even if computational feasibility dictated solvingpblems by discrete approximation,
Bellman used traditional analysis of continuous functions to explore the structure of
solutions. At some conjunctures, the model became more important than the physical
process modeled. By the mi®60s Bellman, Rudolf Haman, and others working

under contract from the US Air Force were advertising their control theory or systems
theory as @heory of modelsf certain types of processesot a theory of the

physical processes that were modeled. To be more specific & thasry of models

for designing systems. So what we observe in this story is the development of a new
mathematical discipline that carried on some of the threads of a seemingly pure older
mathematics (e.g. the calculus of variations) but which devekbpedgh continual
referencing to the modeling and computational needs of physical processes and the
economizing needs of the US military. It is only within this eetar funded feedback
process between abstract and real that economists, engineers andatieidnes

crafted recursive optimization for modeling multistage decision processes.

We will begin this chapter by looking at the programming imperative of the US
military that led Bellman to solve mathematical problems of allocating scarce
resources bymproximating policy solutions stage by stage. Table 2 outlines the
chronological, thematic structure we will use to understand the development of
Bell mands functional equation approach. We

particularit h e -mg al d gtion teesgewhat Bellman learned from adapting
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Tabl e 2. Devel opments in Bell manoés
Theory of Dynamic Programming
Military Multistrike nuclear warfare Logistics Aerospace race
Problem
Original 1951 1953 1953, 1954 1954 1958
Study Dates
Model Discrete Gold Continuous Production | Bangbang Self
Problem mining equati¢ goldmining smoothing, | control for | corecting
for allocation (  equation inventory minimizing optimal
scarce nucleg control, time for | trajectory fo
bombs bottlenecks | stabilization missile or
rocket
Mathematical Sequential Calculus of | Variational | Variational| Variational
Reference analysis variations problems in| problemsin problemms
mathematica| deterministi{ adaptive
economics & control theon control theor,
stochastic
control
Novel Generalized Treated Replaced Modeled Modeled
Approach recursive | problemasal continuous | control asa control as a
functional initial value variational | function of| function of
equation for| problem withk | problems with  state in hidden state
economizing| stages instea discrete multistage | revealed
criterion solvel  of 2point multistage decision through
by boundary decision process multistage
approximatior] problen with\- processes learmg
in multistage| dimensions process
policy space

that model. That takes us, as it did Bellman, to his formal comparison of his dynamic

programming approach with the calculus of variations, which mathematicians had

been using for over two centuries to examine solutions for a maximum or minimu

function in a family of functions. That comparison led Bellman to take up variational

problems that economists had posed in their work on US Navy and US Air Force

research projects in logistics. In the course of that work on stochastic control

A
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problemssuch as inventory control in the face of uncertainty, Bellman realized that
he could apply his same stdtansition formulation of multistage decision processes

to problems in deterministic and adaptive optimal control.

Bellman recognized in his earlyl@tation problems for nuclear warfare that
solving for the optimal policy was the dual of solving for the value of the maximum
gain that results from an optimal policy. Once he turned his attention to variational
problems in mathematical economics, sucb@snal inventory control, Bellman
perceived another duality: the rule of action that enables one to sequentially formulate
the tangent lines of an envelope of an optimal curve is the mathematical dual to the
classical mat hemat i bngef hhévariatiomaksctineemgadoous o us s c he

of points:

€. when proving geometric theorems we have
the pointline form or the lingpoint form, whichever is more
convenient or more intuitive to us.
Thus, we can consider a curve to beauk of points or an
envelope of tangents. The calculus of variations corresponds to a curve
being taken as a locus of points; dynamic programming views a curve

as an envelope of tangents (Bellman 196838p

Most of the researchers | have highlighte®mtocols of Waracknowledged
they were developing mathematics for action. For example, Massé explained that the
solution to the wartime dynamic allocation problem he posed for generating
electricityinwart or n Fr ance waisana fioopoehrea toiitl aot bono

Astrategyo (Mass® 1944 and [1959] 1962). Sin
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~

(1951, 251) spoke of inventory policies as
space a Adomain for activists. Ostréiegt i on i nvol
for reaching that goal, and making sure along the way you are staying on target to

achieving that goal. An activist is frequently eyeballing the situation and making a

quick comparison between the present state and the desired goal. The ocular

comparison leads to a policy to transform that actual state to the desired state by

taking the path of least resistance from where you are to where you want to be. At

each stage the past history of the system is irrelevant; the decision maker follows a

rule of action based only on the current state and the remaining resources and time at

hand. At the end, if you were to reflect back on all the states achieved in the pursuit of

your goal, you could gaze at a curve constructed by these tangent lines oftaction a

each stage. It is as if your many quick comparisons of where you are to where you

wanted to be were tangents to the curve of the states you were at various times. The
classical, fAprimal o calculus of variations a
among a family of nearby curves at the beginning of the process and stick with that

schedule poirby-poi nt . It is only with the Adual 0 ap
programming that we see the active mathematical process of recursive optimization,

mathematical models of feedback, and the mathematical analogies of the rational

decisionmaker thinking at the margin for every new initial value of resources. In the

| ast sections of this chapter we will briefl
dynamnicprogrmami ng t o opti mal trajectories and the
dynamic programming (these two are covered in more detail in chapters six and seven

respectively).
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Planning for the USAF
For the creators of the phrarsemmifidgi,nG@mrmrcd pr o

Amat hemati cal programmingo, the term fiprogr a
pl anning. | n many c as-auhprStaastDiyus pomtedh 6 s coder
out, programming was synonymous with all ocat

model limitedresources arallocatedto various activities. In dynamic programming

resources arallocatedat each of several ti#4me periods. 0

Long before digital computers existed and even longer before the expression
became a description for wnty code for computers, the US military used the term
programming to refer to constructing plans of acfitmdeed, in the early years of
di gital computers, one fAcodedd rather than 0
more than likely adopted the latterrtebecause so many of the early coding
operations were done for military planning purposes. In June of 1946, the Pentagon
hired George Dantzig to fAimechanize the plann
i mmedi ate goal was t o ef sbpye ehda nudp. ow h(alxa nw azsi gb i
2007). By the summer of 1947 Dantzig and his colleagues in the Air-korded
Project SCOOP (Scientific Computation of Optimum Programs) had generalized
Wassily Leontief's descriptive intéandustry model, which had a singuksat of
outputs, to describe a variety of output scenarios and to give the criterion for choosing

the optimal oné.All computations were done on haheld calculators by a team of

®In a 2000 interview with Irving Faustig, George Dantzig was explicit about his use of the term

Aprogrammi ngo i5n0st:hefillt940ss aamdorldd used by the militar
general for a program of actionsé. The Ilist of instr.u
called a "code". The military refer to their plans as:c

"AccordingtoMarth Ko hl i 6s (2001) history, Wasupittayle Leonti ef ¢
in 1936 to explore the interdependence among the various parts of the economic system and to see
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about 10 arithmeticians (often uesgrmal e ficompu
Project SCOOP and at the RAND Corporation certainly foresaw that machines would

eventually be able to compute their programs and they designed their algorithmic

protocols with that in mind, but it was not until 1955 that they could comfortably rely

on digital computers to solve complex linear programs.

Most of the devel opmental work on mat hemat
was done at the RAND Corporation in Santa Monica California. As David Jardini
(1998) explains in his thorough history of tinstitution, the US Army Air Forces
initiated a contract with the Douglas Aircraft Company in March 1946, with the
objective of obtaining recommendations for i
instrumentalitieso °Bpmidl947 RANDcempigedl®Oe nt al war f
full-time researchers divided into six sections (Evaluation of Military Worth,
Administration and Services, Rocket Vehicles, Airborne Vehicles, Electronic

Communications and Nuclear Physics). The work of these sections was channeled

into Asmpsyseimsoawhich was the co*e interdisci

what would be the effect of a change in industrial productivity or savingslative prices among the

44 sectors of the economy. I't was an exercise that pe
of a system in éableau économiquand to the neoclassical pursuit of the relative price analysis.

During World War I, the UBureau of Labor Statistics worked with Leontief to change the units of

analysis from relative to absolute prices and quantities and to greatly expand the model, including

adding a separate government sector, for the purpose of simulating the effeetsgefscim

government spending and war demobilization, on the economy. With these changes tbatmput

table became a quantitative model used for planning.
planning approach (see Dantzig 1963, 18 andnk1001).

8 Philip Mirowski (2002) also writes on the history of RAND in his account of how economics became

a cyborg science. Mirowski emphasizes John von Neumat
cultivation of game theory, and the extent to whigkN® influenced the Cowles Commission, and

through Cowles, mathematical neoclassical economics, in the 1950s. Although RAND has a far less

explicit role in his book oflow Economics Became and Mathematical ScieRog,Weintraub (2002)

explores the axiomizen of mathematical economics during this same time period.

°In 1948, formal ties with the Douglas Aircraft Company were severed and project RAND turned into
the autonomous neprofit RAND Corporation, with major funding still coming from contracts with
the Air Force. Wi th that transformation the fsecti ons:s
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According to Jardini, this practice was inherited from the wartime rudimentary
guantitative comparisons of alternative aircraft systems at Douglas Aircraft, but
RAND researchers greatly expandbd scope to include, for example,
recommendations for new weapon systems. In his briefing to the Army Air Forces in
April 1947, Arthur Raymond, the vice president of engineering for the Douglas
Aircraft Company explained the goal and benefits to theanyliof the RAND

contract between the aircraft company and the military:

RAND is not a production contract, an experimental contract, nor a

research contractélt is a planning contra
certain special engineering and scientifitlsko assist in arriving at

sound conclusions fundamental to the development of your programs.

Its particular field is that of long range air warfare. (Raymond quoted

in Jardini 1988, 28)

The practice of government planning was strongly associatedheittnemy
ideologies of fascism and communi$?As we will see in sections that follow,
consultants at the RAND Corporation sometimes had to use euphemisms to describe
the work they did under their Aplanningdo con
as anew scientific approach that had transcended the arbitrary authoritarianism of

old. At the second International Conference on Operational Research-am-Aix

departments in universities and the interdisciplinary core of general systems analysis gradually lost
ground to the more specific projects of the depanis According to Jardini (1998), the role of central
systems analysis was further diminished by the Air Forces critical response to the type of analysis that
came from RAND in the late 1940s.

1% Friedrich Hayek, for example, warned in his popular 194dtise oriThe Road to Serfdarthat
through planning British and American democracies were unknowingly traveling the totalitarian road.
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Provence in 1960, George Dantzig reflected on the rapid growth of the type of

planning initiated athe Rand Corporation:

It is a real mystery that a field that is so full of applications to

everyday problems had created so little scientific interest in the prewar

period. Historically planning in this world of uncertainty has

traditionally endowedthes i n aut hority with the &6dwisdo
among undecidabl esé. However, in the | ast
many of the obstacles that made planning an authoritarian task rather

than a scientific task have been overcome. Theskrsirthe

formulation of dojectives and familiar relationships in mathematical

terms;secondthe development of reporting systems and the

systematizing of statistical information so that basic data was at hand;

third, techniques for solutions of the mathematical models were

develged (i.e. theory, numerical analysis, electronic computers).

Dantzig 1960, 283.

The planning done at RAND was not central government planning of the entire
US economy. The closest analogy is planning done at the level of thiedsii the
Air Force or he Navy was a large corporation. One of the problems facing firms is
how to allocate scarce resources within the firm given the absence of markets for intra
firm transactions. So, for example, in the absence of a market in scarce fissionable
material to gide its allocation among various nuclear weapons projects, economists
at RAND tried Bellmands dynamic programming

approach to linear programming to determine the shadow prices of Uranium 235 (see
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Enke 1954 and Klein 200).ndeed, it was the militaryds ne
plan a rational allocation of scarce atomic bombs in the event of a nuclear war with
the Soviet Union that first quickened Bel | ma

multistage decision processes.

Mining for Gold
The essential ingredients of the dynamic programming protocol include a framing the

problem in a functional equation stating an economic criterion that results from an

optimal policy, and a recursive algorithm for specifying the equatioryaitting the

approxi mation of a policy solution. Bel | manod
mathematical algorithm, proceeded in discrete stages, so a chronological examination

of his conquest of policy space will take us far in understanding hisematics, its

context, and its legacy. In his 1984 reflection on his career in mathematics, Bellman

asserted thagffective numerical solutiongere a central theme of his research. His

first exposure to such a solution came during his first stay at RANIReisummer of

1948. There he became acquainted with Dantzig and his approach to linear

programming. By that time, Dantzig was perfecting his algorithm for maximizing a

|l inear equation subject to |Iinear constraint
linear programming problems was by intention very compatible with numerical

approximations methods of digital computitig.

The pay and intellectual stimulation at RAND were such, that after his summer

of 1948 residence, Bellman decided to work at RANDrauhis Christmas, Easter,

M As early as 1953 RAND researchers could program their algorithms in machine language on a
Johnniac, a digital computbased on a design by John von Neumann, but Dantzig said he and others
could not fully rely on digital computation of major programming problems until 1955.
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and summer vacations from his full time teaching job at Stanford University. Ed

Paxson recommended that Bel mutstages f ocus at F
decision processeand in the summer of 1949, Bellman worked with Dave

Blackwe | | on optimal strategies in games (Belln
analysis for the fAred dogo game) . Bel |l man st
but returned to RAND for the Fall quarter. It was during that sojourn that he struggled

with a rame for his emerging approach to multistage decision processes:

The 1950's were not good years for mathematical research. We had a
very interesting gentlemen in Washington named Wilson. He was
Secretary of Defense, and he actually had a pathologicalrfdar a
hatred of the word, research. I'm not using the term lightly; I'm using it
precisely. His face would suffuse, he would turn red, and he would get
violent if people used the term, research, in his presence. You can
imagine how he felt, then, about thente mathematical. The RAND
Corporation was employed by the Air Force, and the Air Force had
Wilson as its boss, essentially. Hence, | felt | had to do something to
shield Wilson and the Air Force from the fact that | was really doing
mathematics inside tHRAND Corporation. What title, what name,

could I choose? In the first place, | was interested in planning, in
decision making, in thinking. But planning, is not a good word for
various reasons, | decided therefore to use the word, "programming". |
wantedto get across the idea that this was dynamic, this was

multistage, this was timearyingi | thought let's Kill two birds with
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one stone. Let's take a word which has an absolutely precise meaning,
namely dynamic, in the classical physical sense. It als@vary
interesting property as an adjective, and that is it's impossible to use
the word, dynamic, in the pejorative sense. Try thinking of some
combination which will possibly give it a pejorative meaning. It's
impossible. Thus, | thought dynamic progwaing was a good name.

It was something not even a Congressman could object to. So | used it

as an umbrella for my activities. (Bellman 1984, 159).

When he returned to RAND in summer of 1951, Bellman worked with Hal
Shapiro, and Ted Harris on the applioas offunctional equationso decision and
learning processes (see Bellman, Harris and Shapiro 1953, and Bellman 1951a). The
equations they used were similar to those presented by Arrow, Harris and Marschak
at the RAND logistics conference the previouary@nd the recursive optimization
equations that Arrow, J. D. Blackwell and M. A. Girshick had formulated at RAND
in the summer of 1948 to examine Waldobs sequ
theoretic perspective. In functional equations the unknowensolving for is a
function rather than a numbeso functions appear on both the left and the right side
of the equations. What the functional equations in the RAND research projects had in
common was their recursive optimization: the criterion fumctor N stages called

itself up forN-1 stages.

Bell mandéds work in the summer of 1951 on on
highlighted a duality in the modeling of mu#tiage desciemaking that made

computation more feasible. The duality was betwss#wing for the maximum value
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of returns explained in the functional criterion equation and solving for the optimal

policy that would yield maximum returns. The approximation techniques the RAND
mathematicians used were usually more effective if onesttsed for the optimal

policy and then derived the value of the function. In subsequent published accounts,

Bellman called the equation, which inspired him in the summer of 1951 to seek

solutions inpolicy spaceather tharfunctional space fit hei ggl d g'tnahi ono.
Herebds one of several published descriptions

clearance:

Efficient Gold MiningWe are fortunate enough to possess two gold
mines, Amerconda and Bonanza, the first of which contains an amount
x of gold, whle the second possesses an amgulrt addition we have

a rather delicate golchining machine which has the property that if

used to mine gold in Amerconda, there is a probalplitizat it will

mine a fraction of; of the gold there and remain in warg order,

and a probability (4p;) that it will mine no gold and be damaged

beyond repair. Similarly Bonanza has associated the probalplities

and (% p,) and the fractiom,.

We begin by using the machine in either the Amerconda or
Bonanza mine. If th machine is undamaged, we again make a choice

of using the machine in either of the two mines, and continue in this

I'n his earliest RAND research memoranda Bell man al sc
lat er | abel ed exclusively fApolicy space. o0 Bell man ackn
space, but his narrow use of the term Afunctional Spe
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way, making a choice before each mining operation, until the machine

is damaged.

What sequence of choices maximizes the amount of golddmine

before the machine is damaged? (Bellman 1954a 275).

On the surface, it seems a strange problem for the US Air Force to pay top dollar
to a brilliant mathematician to sol ve.
mi ning oper at i on &t asiimeg thasthemnly niningmeachina v
available is so delicate one must factor in the probability that it will be damaged
beyond repair and mine no gold? I n the
assistant in the systems analysis program, wastdig a project comparing bomber
typesandmults t r i ke attack pl ans. For Bell man
unclassified euphemism for the problem he worked on in +auike analysis (see for
example Bellman 1951a). We just have to substituexaensive aircraft carrying an

atomic bomb and vulnerable to antiaircraft fire for what Bellman, in a double

Why a

S Umme

t he

entendre, calledthegeldi ni ng machine Aof a sensitive nat

amount of damage done to two different targets (in North Karélae Soviet Union)

for the amount of gold obtained from the two mines.

In his reminiscence on the history of operations research, Quade ([1989] 1999)
described the novel problems of atomic weapons that he, Bellman and other

mathematicians at RAND studien the early 1950s:

During World War Il many bombers were sent to the target armed
with HE [high explosives]. However, with the advent of the atomic

bomb, only one bomber was needed with an atomic bomb to attack a
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target. But, to send out just one bomeuld be suicide, since all the

defenders could concentrate on that one target and it would never get

through. Conceptually the study therefore looked at sending escorts to

attack enemy fire; they looked just like bombers, but were empty. In

those days amic weapons were considered to be free. However, the

Atomic Energy Commission directed that a limit be placed on the

number of bombs because they were too scarce. Of course u8the 6

years that 1t woul d t eéRsptoldeacmme t he bomber s

opeaational all the bombs needed could be built.

Another problem with the study was the fact that if a bomber were
shot down, say 30 miles short of the target, there was no credit given
for the destruction it would cause or the damage from fall out. The

bombhad to be dropped right on the target. (Quade [1989] 1999, 5)

Thus, the probability that the delicate mining machine would fail before any gold
was mined had to be factored in. Likewise, Bellman and others had to apply their
mathematics to the allocatiah scarce fissionable material in an atomic weapons
program in which there was no market for the primary raw matéiae | | manés f i r st
two applications of dynamic programming were to the problem of allocation

processes within multi strike analysis.

Bl'n Project RANDO6s Fourth &finedthaprobléeopptanningforl 950, 7)), Pae

nucl ear warfare as: AGi ven a fixed amount of fissile
procure, operate, and maintain a strategic striking force at strength-fgraa geriod, specify the
atomicbombsandi r craft which will maximize the damage of an

response to Air Force criticism, RAND changed the definition of the problem from one deadly initial
strike to multistrike analysis, but the allocation of scarce fissile nateemained part of the planning
task.
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Wherewere the values of the probabilities for successful hits and losses of
bombers to come from? Given that military aircraft had only ever dropped two
nuclear bombs, one might suspect they were close to subjective probabilities. As
Warren Weaver, however, giained to a conference of Social Scientists in
September 1947, economists and mathematicians at the RAND Corporation were
guantifying military worth Ato see to what
guantitative indices for a gadget, a tactic, or ategy, so that one can compare it
with available alternatives and guide deci
Conference of Social Scientidi848, 7). Jardini (1998) describes the great extent that
the Evaluation of Military Worth Section went to compeixpected damage to target
and damage to US aircraft given type of aircraft, type of bomb, weather conditions,
enemy geography, and a variety of other factors. In 1947, the Evaluation of Military
Worth Section devised a phtysmulateabomdingover age
routines and a random digit generator to produce errors. As early as 1946, the RAND
corporation gave a contract to Bell Telephone Laboratories, to compute for various
bombers the probability they might avoid aaiticraft missiles.Jah von Neumannoés
estimation that the bombing coverage calculations would require at least 50 million
multiplications, inspired RAND to be one of five organizations in 1950 to begin
building a copy of the Princetorddnastitut e
design by Arthur W. Burks, Herman H. Goldstine and von Neumann (1947) of an
electronic computing instrument (see Gruenberger 1968, Ware 2002, Jardini 1998,
and Edwards 1996). The AJOHNNI ACO computer

1953, but by 195(0Raxson and his colleagues working on the strategic bombing
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assessment had, with other machines, calculated expected outcomes for over 400,000

bomber configurations. This major undertaking to evaluate military worth and

quantifythepd s ras d of Baad othensmequ@ations was the first major

stimulus to RANDGs path breaking work in har
design®*. The link between the attempt to measure military worth and economic

notions of wutility iIis evi dMrtkeiymsJdqddadb 1Mdr) s d

report on ANotes on the Opti mal Choice of We

We want to choose a weapon system that, subject to a given cost
constraint, will maximize the mathematical expectation of the military
utility. Military utility, as a function ofdamage done to the enemy, can
be interpreted as the probability of victory. This concept is embedded
into the more comprehensive concept, that of social utility. A

monotonenosd ecr easing military dtility functic

When sections were transifioed into more powerful departments in 1948, the
RAND economics department emerged from the Evaluation of Military Worth

Section. The US military serviceds interest

n his study of computersincoldar Amer i ca, Paul Edwards (1996) descr
shaped computer science and inspired IBM to commit to digital computer development.

5 Marschak and Mickey (1951, 9,1@janted to model their social utility function on the

AJeffersonian triad of [Iife, l'iberty (which would b
happiness (achieved through consumption)éFor exampl
would enable us tose the expected loss of lives as a controlled variable, and to construct the

efficient set in the space whose coordinates are: the budget K, the expected probability of

victory U, and the expected loss of lives. Such an assumption would probably imply that

social utility w is linear in lives, and this is hardly plausible. We shall not pursue this matter

further in the present paper, and shall confine our considerations to the expected probability of

victory (U) that can be bought for a fixed amount of mofe¢ ) . 0

Marschak and Mickey were not the only RAND researchers to exclude military lives lost from their

analysis and as Jardini (1998) points out this neglect, or even worse the attempts to put a price tag
servicemené6és | ives liocsits mswatsh aotn et o Aihre Fmarj oea clriignt
guantitative evaluations of military worth.
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compl emented by von Neumann dirkingoohtlieir Oscar Mor g
notion of expected utility as a payoff from strategies in game theory, was a major
stimulus to post World War Il work in economic utility theory (see for example,

Bracken 1962).

So RAND economists, statisticians and computers ensurethé@® s réa s d
(probabilities of success and returns likely if there was success) were readily at hand
to calculate the s-oiniingosegqoaBéebihmédods af gl

bombing scenarios.

Withregardtothemuks t r i ke pr o bdpmaach wdseolbégm aith & s
functional criterion equation defining the total returns one could expect from an

optimal stagewise mining (bombing) plan:

expectedamountof gold mined beforethemachings damage
f(xy)= { 1)

whenAhasx, B hasy, andanoptimal policy is employed
In other words:
f(xy)=maxE.(x.y), fo(x.y)_ (2

Bellman then reasoned that fi@arbitrarily started in stage 1Atthe
Amerconda mine, then the expected value of the amount mined in that initial stage
would bep; r1 x. He assumed that the optimal policy would continued to be pursued
from that stage onward so the expected amoumearfrom the second stage onward
would bep; [f (1-r1) X,J]. To get the problem going, Bellman assumes that whatever
the decision taken in the initial stages, the remaining decisions must be an optimal

policy built on that first decision. That assumptforces a recursion. The recursive,
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stageby-stage reasoning yields two equations, depending on which mine one started

with, representing the total expected amount mined if one pursued an optimal policy.
fa(x )=y x+ f K-r %y | 3)
fo(xy)=p, By+f k€-r, y_ (4)

Bellman substituted equations 3 and 4 into equation 2, and ended up with the

functional equation:

A: f -1 3
f(X, y) _ maX{ pl I%X+ l rl} y\% (5)
B:pzdy+f[<,(—r2y
Bell mands solution was at each stage:

if p,rx/(1-p,) > p,ry/(@- p,), takethe Achoice,

if prx/(1—p) < p,ry/(1- p,), taketheB choice (6)

if prX/(1- py) = pPoray/(d— p,), either choiceis optimal

The rule of action for an optimal policy that Bellman ded from work on the

gold-mining equations was to choose at each stage the target (the mine) that has the
highest ratio of immediate expected gain to expected loss. When he first worked on
this problem in 1951, Bellman was struck by the fact that thegfd¢tast resistance
to an effective numerical solution was a declaration of what action to take rather than
the solving first for the value of maxi mum t
easily not in terms of the unknown function, but in termaro&ction or decision.
This intrigued me, because | had never seen

1984, 160). The optimal policy determined the value of the function, and the function

determined the optimal policy, so the optimizer had a choice asith wiay to solve






